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0. INTRODUCTION 
Consider the following situation. Let G be a finite group and F a field. 
Suppose M is lattice over the integral group ring Z[G]. That is, M is a 
finitely generated Z[G] module which is free as an abelian group. Form 
the group algebra F[M] and set F(M) to be q( F[M] ), the field of fractions 
of the domain F[M]. Then the action of G on M extends to an action of G 
on F(M) via field automorphisms. Set F(M, G) to be the field of invariants 
F(IW)~. The basic question underlying this paper is the structure of 
F(M, G). For example, is F(M, G)/F a rational (i.e., purely transcendental) 
field extension? 
The above is a generalization of the classical “Noether’s problem.” If 
M= Z[G], we set F(M, G) = F(G). Noether’s problem asks whether 
F(G)/F is rational. In [S4], this author constructed an algebraically closed 
F and group G such that F(G)/F was not rational. The main tools of [S4] 
were the concepts of retract rational fields and the unramified Brauer 
group. At one level, this paper is the application of these ideas to the fields 
F(M, G). As it turns out, we also get new information about both 
Noether’s problem and a question in algebraic number theory. 
In Sections 3 and 4 we treat these two questions. In Section 3, we 
observe that in many cases the F(M, G) are actually stably isomorphic to 
F(G’) for different groups G’. We use this to construct a large class of G’ 
and F for which F(G’)/F is not rational (including F algebraically closed). 
In Section 4 we treat the number theory question. In [Wa] Wang con- 
structed a counter example to what was then called Grunwald’s theorem. 
His example was for the cyclic group of order 8, and all similar examples 
known to this author derive from his. We construct counterexamples to a 
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Grunwald-type theorem including, for example, odd-order groups and 
fields with plenty of roots of one. 
In this paper, all rings, algebras, domains, etc., will be algebras over a 
fixed infinite field F, and all morphisms will be F algebra morphisms. An 
affine F algebra is an algebra which is commutative and finitely generated 
as an algebra. If R is a domain, q(R) will denote the field of fractions of R. 
If R is any ring, R* will denote the group of units of R. We will use p(n) to 
denote a primitive root of one of order n. When we write p(n) E F, it will 
include the assumption that the characteristic of F does not divide n. For 
any field K, the absolute Galois group of K is the Galois group of K in its 
separable closure. 
We will make use of the machinery of Brauer groups and Galois exten- 
sions of rings, for which we refer the reader to [DI] as a good general 
source. We denote be Br(R) the Brauer group of R, and when we say A/R 
is Azumaya we mean that A is Azumaya with center R. Saying that S/R is 
a G Galois extension of commutative rings includes a specification of the 
action of G on S (though this will not bother us much). If K is a field, then 
saying L/K is G Galois will not include the assumption that L is a field, 
though, of course, L is a direct sum of fields. If S/R is a Galois extension, 
and c is a two cocycle of G in S *, then we denote by A(SJR, G, c) the 
crossed product algebra, which is Azumaya over R. If c maps to the class 
~1 E H*(G, S*), we will occasionally write A(S/R, G, CY). 
Let us next recall some facts about finitely generated fields. In [S2], 
this author defined the following concept. We say that the extension 
of fields K/F is retract rational if the following holds. There is an F 
algebra domain SC K such that K = q(S) and there are F algebra maps 
q: S + F[x, ,..., x ,](l/s) and T: F[x, ,..., x ,]( l/s) + S with rq being the 
identity on S. Here F[x, ,..., x 1(1/s) is a polynomial ring localized at the 
multiplicative set generated by s. 
In [S2], some of the basic properties of retract rational extensions were 
stated. One of these properties bears repeating here. We say that fields K 
and L (both containing F) are stably isomorphic if there are rational field 
extensions K/K and L’/L such that K’ E L’ over F. In [S2, p. 1831 this 
author showed that if K is stably isomorphic to L, and K/F is retract 
rational, then L/F is retract rational. 
In working with finitely generated fields, the following lemma of Swan’s 
is often useful. 
LEMMA 0.1 (e.g., [S2, p. 18 1 I). Let FE K be fields, and let S, and S, be 
affine F domains such that q(Si) = K. Then there are 0 # si E Sj which satisfy 
s,(1/sI)=s*(vs2h 
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1. BASIC FACTS 
Let G be a finite group and M a Z[G] lattice. Fix an infinite field F. 
Form the group algebra F[M] and let F(M) = q( F[ M] ). The group G acts 
as automorphisms on F(M). Set F(M, G) to be F(M)‘, the fixed field. If 
M= Z[G], set F(M, G) = F(G). 
Our goal is to study the fields F(M, G). We begin this section with some 
elementary observations about the F(M, G)‘s. The underlying idea is to 
understand how the field F(A4, G) depends on M. For this purpose, we 
make the following definitions. 
DEFINITION. Suppose F s K E L are fields. We say K is a retraction of L 
if there is a regular affine K algebra domain T and an K algebra map 
4: T + K such that T E L and q(T) = L. We say K is a dense retraction of L 
if there is an afline regular K algebra T such that T c L, q(T) = L, and for 
any 0 # s E T, there is a K algebra map 4: T + K such that d(s) # 0. 
The relationship between retractions, dense retractions, and retract 
rational is a bit obscure. Obviously, a retract rational field is a retraction of 
a rational field. The converse is not known to this author. On the other 
hand, a dense retraction of a rational field is retract rational. In fact, the 
following holds. 
LEMMA 1.1. Suppose Fc K E L and K is a dense retraction of L. If LJF 
is retract rational, then K/F is also. 
Proof: Let TE L be an affme K algebra domain as in the definition of 
dense retraction. Write T= KT’ where T’ s L is an affine F algebra. As KjF 
is finitely generated, we can assume that q( T’ n K) = K. Since L/F is retract 
rational, we know by [S,, Corollary 3.41 that there is a 0 # t E T’ such 
that the following holds. There exist F algebra homomorphisms 
T: T’( l/t) + F[x, ,..., x ] (l/s) and q: F[x, ,..., x ] (l/s) + T’( l/t) such that 
VT is the identity. Choose d: T( l/t) -+ K such that 4 is the identity on K. 
Restrict 4 to T’(l/t). Then S=&T’(l/t)) is F afline, and q(S) = K since 
S 2 T’ n K. T is the localization of T’ with respect to the multiplicative set 
TnK-{O).AsS~T,S~T’(l/tt’)forsomeO#t’~T’nK.Weextends 
and 4 to T’( l/tt’) and ‘1 to F[x, ,..., x ] (l/sr( t’)) in the unique ways. Then 
&T’(l/tt’)) = S(l/t’) and S(l/t’) s T’(l/tt’). If we call i the inclusion of 
S( l/t’) in T’( l/tt’), then S( l/t’) is a retraction of F[x, ,..., x ] (l/sz(t’)) via 
the maps ZI and ~4. Q.E.D. 
Parts of our arguments will make use of the theory of the function fields 
of algebraic tori. Let us recall this theory in the algebraic form we need. We 
refer the reader to, for example, [CS, L] for further details. If M is a Z[G] 
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lattice, and L/K is G Galois, form L(M) = q( L[M]). G acts on L(M) by 
acting on L and M. Set Q(L/K, M) to be the fixed field L(M)“. Note that 
the difference between Q(L/K, M) and F(M, G) is that in the former case G 
acts on the coefficient field. The whole thrust of the theory of the 
Q(L/K, M)‘s is that the study of these fields reduces to a module theoretic 
study of the Ms. The next fact is easy but will be used in the main result to 
follow. 
LEMMA 1.2. Let M he a G lattice. Then there is a G module injection 
f: M + P where P is a free Z[G] module. 
Proof Form the dual lattice M* = Hom(M, Z). There is a free Z[G] 
module P’ and a surjective G module map f ‘: P’ + M*. Since free G lattices 
are self-dual, we can take f to be the dual off '. 
Define a permutation G lattice to be one with a Z basis permuted by G. 
The results we need about the Q(L/K, M) follow. 
THEOREM 1.3. Let LJK he a Galois extension of infinite Jields and M a 
Z[G] lattice. 
(a) [L, p. 3031 Q(L/K, M)/K is rational tf M is a permutation lattice. 
(b) [L, p. 3041 Q(L/K, M) is stably rational if and only tf there is an 
exact sequence 
O+M+P+Q+O (1) 
where P and Q are permutation lattices. 
(c) [S2, p. 1891 Q(L/K, M) is retract rational if and only tf there is 
an exact sequence as in (b), hut Q is only assumed to he a direct summand of 
a permutation lattice. 
(d) For any M, K is a dense retraction of Q(L/K, M). 
Proof Only part (d) requires proof. Set T to be the ring L[M]“. Since 
L[M] g L 0 K T, L[ MI/T is a Galois extension of rings. Hence 
[EGA, p. 74, Proposition 17.7.73 T is smooth over K. Suppose 0 # s E T. 
Then it suffices to prove that there is an L algebra G preserving map 
4: L[M] + L such that d(s) # 0. By Lemma 1.2, we can embed M in a free 
Z[G] lattice, call it P. L[M] naturally embeds in L[P], and it suffices to 
prove our fact for L[P]. That is, we may assume M is free. Using induc- 
tion on the rank of M, it is enough to consider the case ME Z[G]. But 
then the fact we need is just [J, p. 2831. Q.E.D. 
Using Theorem 1.3 we have the next result which properly begins our 
study of how F(M, G) depends on M. Define M to be a faithful attice if the 
natural map G + Aut,(M) is an injection. 
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COROLLARY 1.4. If Mz M’ are G lattices, then F(M, G) c F(M’, G) in a 
natural way. Now assume that M is G faithful. If M’ is a permutation G 
lattice, then F(M@ M’, G)/F(M, G) is rational. If M’ satisfies the condition 
of 1.3(b), then F(M@M’, G)/F(M, G) is stably rational. If M satisfies the 
condition of 1.3(c), then F(M@M’, G)/F(M, G) is retract rational. In any 
case, F(M, G) is a dense retraction of F( M@ M’, G). 
Proof The first fact has already been mentioned and is obvious. The 
rest of the statements follow from the fact that F(M@ M’, G)r 
Q(F(M)IF(M, G), M’). Q.E.D. 
Our next goal is a relationship between F(M, G) and F(G). The next 
lemma is the basis for it. 
LEMMA 1.5. Let M be a faithful G lattice. Then there is a field 
L 2 F(M G) such that L/F(M, G) is rational, F(G) c L, and F(G) is a dense 
retraction of L. 
Proof Set L= F(M@Z[G], G). Then L/F(M, G) is rational and F(G) 
is a dense retraction of L by Lemma 1.4. Q.E.D. 
The next corollary is a simple fact, but it seems a bit surprising. Its most 
suggestive form is its contrapositive, which says that if F(G)/F is not retract 
rational, then neither is F(M, G)/F for any M. 
COROLLARY 1.6. Let M be G faithful. If F(M, G)/F is retract rational, 
then so is F(G)/F. 
Proof Let L 2 F(M, G) be as in Lemma 1.5. If F(M, G) is retract 
rational, then so is L by [S2, p. 1831 (or Lemma 1.1). But now F(G) is 
retract rational by Lemma 1.1. Q.E.D. 
Let us look at the dependence of F(M, G) on M in another way. Once 
again, let M be G faithful. Suppose there is an exact sequence 
O-+M+M’+I+O (2) 
where I is a direct summand of a permutation lattice. Then F(M’, G) is 
closely related to F(M, G). 
PROPOSITION 1.7. (a) F(M’, G) = Q(F(M)IF(M G), 0 
(b) F(M’, G)/F(M, G) is retract rational. 
Proof Part (b) follows from (a) and 1.3(c). As for (a), the proof closely 
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parallels that of [L, Proposition 1.5, p. 3041. We will outline the argument 
here. The sequence (2) induces a sequence 
O+F(;(M)*+F(M)*M’+z-+o. (3) 
Since H’(H, F(M)*) = (0) for all subgroups H& G, EXT(Z, F(M)*) = (0) 
and so (3) splits. Iff: 1+ F(‘(M)* M’ is a splitting for (3) set I’=,f(Z). If S 
is the ring generated by F(M) and I’, then szF(M)[I] where the 
isomorphism preserves the G actions. Also, q(S) = F(M’). This proves (a). 
Q.E.D. 
Define an equivalence relation among faithful G lattices as follows. Write 
M< M’ if there is a sequence (2). Now let similarity be the equivalence 
relation generated by “ < .” Clearly, the retract rationality of F(M, G) only 
depends on the similarity class of M. This is precisely the same situation as 
for the Q(L/K, M)‘s. By 1.6, if F(G)/F is not retract rational, then no 
F(M, G)/P is retract rational. In contrast, the Q(L/K, M)‘s are retract 
rational for A4 as in Theorem 1.3(c). The situation is reversed if F(G)/F is 
retract rational. In that case, F(M, G) is retract rational if M is similar to 
Z[G]. Ignoring our assumption that M must be faithful, these M are 
precisely the M for which Q(L/K, M) is retract rational. However, still 
assuming F(G)/F is retract rational, F(M, G)/F can be retract rational for 
more M. An example is implicit in [Sn]. 
In the rest of this paper, we will construct F(M, G) which are not retract 
rational even though F(G)/F may be (2.8). Then we will use the F(M, G)‘s 
to construct nonrational F(G)‘s, and to construct an example in number 
theory. The tool we will use is the unramilied Brauer group, which is con- 
sidered next. 
2. THE UNRAMIFIED BRAUER GROUP 
In [S4] the unramified Brauer group was used to show a certain F(G)/F 
was not retract rational. In this section we will apply the unramilied Brauer 
group to the F(A4, G)‘s. Let us recall the definition. Suppose K/F are fields. 
If R s K is a regular F algebra, and q(R) = K, then the induced map 
Br(R) + Br(K) is an injection [M, p. 1451. In particular, this applies if R is 
a discrete valuation ring. Thus given such an R, we may identify Br(R) 
with a subgroup of Br(K). Define Br,.(K) to be the intersection of all 
Br(R) where R is a discrete valuation F domain and q(R) = K. When no 
confusion is possible, we will also write Br, F(K) as Br,(K). 
Many basic properties of Br, were proved in [S3, S43. Let us just repeat 
here what we require. 
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THEOREM 2.1. (a) If RG K is a smooth affine F domain and 
q(R) = K, then Br,(K) G Br(R). 
(b) Zf K/F is retract rational, then Br, F(K) = Br(F). 
(c) Zf K E L, then the natural map Br(K) + Br(L) sends Br,(K) into 
Br,.(L). 
The unramified Brauer group behaves well with respect to retraction, as 
the following shows. 
PROPOSITION 2.2. (a) If Fz KG L are fields and K is a retraction of L 
then the induced map Br(K) -+ Br(L) is an injection. 
(b) If FG KG L and L/K is retract rational, then the induced map 
Br,.(K) -+ Br,( L) is an isomorphism. 
(c) Suppose FC K s L c N are fields, L is a retraction of N, K is a 
retraction of L, and N/K is retract rational. Then Br,(K) -+ Br,(L) is an 
isomorphism. 
Proof. Start with (a). Let TEL be a regular K domain such that 
q(T) = L and there is a K algebra map 4: T-+ K. Then Br(K) --f Br(L) 
factors into Br(K) -+ Br( T) and Br( T) + Br(L). The second map is an 
injection because T is regular, and the first map is an injection because Br 
is a functor. 
Next consider (b). The map Br,(K) -+ Br,(L) is an injection by part (a). 
By assumption, there is a field N 2 L such that NJK is rational and L is a 
retraction of N. It follows that it suffices to consider the case that L itself is 
rational. Assume a E Br,(L). Then a is in the image of /I E Br(K). It suffices 
to show that fl E Br,(K). 
Let R G K be a discrete valuation F algebra with q(R) = K. If 
L= K(x ,,..., x ), then T= R[x ,,..., x,] is a regular F algebra. T is a sub- 
algebra of 7” = K[xl,..., x,]. Define 4: T’ + K by setting 4(x;) = 0. Also use 
4 to denote the restriction of q5 to T. We have 
where i and p are inclusions. Apply the functor Br to the above diagram. 
Br(p)(fl)=a so Br(b)(a)=fl. As cr~Br,(L), aEBr(T). Thus /?eBr(R), 
which proves (b). 
Finally, getting to part (c), we first note that BrJK) -+ Br,(L) is an injec- 
tion by part (a). If a E Br,(L), let fl be the image of a in Br,(N). As N/K is 
481/106/l-15 
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retract rational, /3 is in the image of Et-,(K). But Br(L) + Br(N) is injective, 
so u must be in the image of Br,(K) in Br,(L). Q.E.D. 
We now turn to specifically studying the unramified Brauer groups of the 
fields F(M, G). As in Section 1, we are interested in how Br,.(F(M, G)) 
depends on M. Our first step is to identify an important subgroup of 
Br(F(M, G)). From now on, M will always be a G faithful Z[G] lattice. 
That is, for all g E G, if g # i then there is an m E M such that g(m) # m. 
LEMMA 2.3. The natural map H2(G, F* @M) --f H’(G, F(M)*) z 
Br(F(M)/F(M, G)) is an injection. 
Proof: F(M)* is the direct limit of groups S* where S is a ring of the 
form F[M](l/.s) with s being G fixed. Thus if CE H’(G, F*@M) is split in 
H2(G, F(M)*), it is split in H2(G,S*) for some such S. However, F[M] is a 
UFD so there is an exact sequence 
O-*F[M]*+S*+P-tO (4) 
where P is a permutation lattice with basis the irreducible divisors of s. 
As H’(G, P)= (0), the long exact sequence for (4) implies that 
H’(G, F[M] *) --t H2(G, S*) is an injection. Since F[M] * E F* @M, we 
are done. Q.E.D. 
Remark. The same argument shows that if S= F[M]( l/s) is as above, 
then H2(G, S*) -+ Br(F(A4, G)) is an injection. 
Suppose c( E Br,(F(M, G)). Since Br,(F(M)) = Br(F), the image, /3, of CI in 
Br(F(M)) lies in Br(F). If we consider p to lie in Br(F) E Br(F(M, G)), then 
it is clear that F(M) splits c( - 8. Let Br,,.(F(M, G)) denote the subgroup of 
Br,(F(M, G)) consisting of elements split by F(M). What we have observed 
is that Br,(F(M, G)) is the direct sum of Br(F) and Br,(F(M, G)). 
Obviously, Br,,. is the interesting part of the unramified Brauer group. 
Our next goal is to show that Br,(F(M, G)) is a subgroup of 
H2(G, F* @ M). In preparation for that, we explicitly determine an element 
s for which F[M]( l/.s)/F[M]‘( l/s) is G Galois. 
LEMMA 2.4. Suppose M = M’ 0 Z[G] and x E F[M] corresponds to 
1 EZ[G]. Let d be the G fixed element: 
n (g(x) - h(x)). 
Then F[ M] ( l/d)/F[ M] ‘( l/d) is G Galois. Furthermore, F[ M] “( l/d) is 
smooth. 
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Proof: We will use the criterion in [DI, Proposition 1.2, 5, p. 811 to 
show that the extension is G Galois. Specifically, SC = R by definition and 
if 1 # g E G, then g(x) -x is a unit in S and so not in any maximal ideal. 
The second statement follows from [EGA, Proposition 17.7.7, p. 743. 
Recall that we continue to assume M is G faithful. 
PROPOSITION 2.5. Br,.(F(M, G)) & H’(G, F* 0 M). 
Proof: First of all, Br,.(F(M@Z[G], G)) = Br,.(F(M, G)) by 2.2(b) 
and 1.4, and H’(G, F*@M) = H2(G, F* @M@Z[G]). Thus we may 
replace M by M’= M@Z[G] @Z[G]. Set de F[M’] to be the element 
defined in Lemma 2.4 with respect to the first Z[G], and d E F[M’] the 
element defined with respect to the second Z[G]. Let c( E Br,(F(M’, G)). 
By 2.1(a), cwEBr(R) where R=FIM’]G(l/d). Set S=F[M’](l/d). Since 
F(M) splits ~1, and Br(S) -+ Br(F(M’)) is injective, S splits tl. That is, 
CY E Br(S/R). The Picard group, Pit(S), equals (0) so Br(S/R) g H2(G, S*) 
[DI, p. 1163. There is an exact sequence 
O+F*@M’+S*+P+O (5) 
where P is a permutation lattice. Using the long exact sequence for group 
cohomology is suffices to show that the image of CI is zero in H2(G, P). 
Now c1 is also in H2(G,(S’)*) where S’= F[M’](l/d’). Considering 
F[M’]( l/dd’) = T we have 
0 0 
I I 
O- F*@M’- s* -P-O (6) 
I I 
o- (i)* - (i)*- P-O (6) 
Apply H2(G, ) to the above diagram. If /I is the image of a in H2(G, T*), 
then fl is in the image of H2(G,(S’)*). Thus fl maps to zero in H*(G, P), 
implying that CI maps to zero also. Q.E.D. 
Of course, H2(G, F* @ M) breaks up as H*( G, E*) @ H2(G, M). We are 
about to show that Br,, breaks up in a parallel way. But first let us observe 
that Br,(F(M, G)) n H2(G, F*) is independent of M. 
LEMMA 2.6. Viewed as a subgroup of H’(G, Fr), Br,(F(M, G))n 
H2(G, F*) = Br,.(F(G)) n H2(G, F*). 
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Proof Suppose a E H2(G, F*) n Br,.(F(G)). View F(G) as a subfield of 
F(‘(M@Z[G], G). By 2.1(c), the image of CI in Br(F(M@Z[G], G)) lies in 
Br,(F(M@Z[G], G)). Being obviously in H*(G, F*), we have that the 
image of a lies in H2(G, F’*) A Br,(F(M@ Z[G], G)). In addition, 
F(M@Z[G], G)/F(M, G) is rational, so a E H*(G, F*) n Br,.(P’(M, G)). 
Conversely, suppose a E H2(G, F*) n Br,(P’(M, G)). Embed M in a 
free Z[G] lattice P, and consider F(A4, G) & F(P, G). As above, 
a E H2(G, F*) n Br,.(F(P, G)). Also, F(P, G)/F(G) is rational so again as 
above, a E H’(G, F*) n Br,.(P’(G)). Q.E.D. 
We are ready for the promised proposition. As before, M is G faithfull. 
PROPOSITION 2.7. Br,.(F(M, G) = {Br,.(F(M, G)) n H*(G, F*)}@ 
fBr,V(M G)) n H2(G, Ml}. 
Proof Choose P? M such that P is a free Z[G] module. If 
a E Br,.(P’(M, G)), write a = /3 + y where p E H2(G, F*) and y E H2(G, M). 
Consider F(M, G) as a subfield of F(P, G), and let a’ be the image of a in 
Br,(F(P, G)) c H’(G, F*) @ H2(G, P). Since H’(G, P) = (0), F(P, G) splits 
y and so a’ is just p. By 2.6, /~EB~,(F’(M, G))n H2(G, F*) and so 
y E Br,.(F(M, G)) n H2(G, M). Q.E.D. 
To summarize the above, define H’(G, F*) = H*(G, F*) n Br,(F(G)) and 
H*,(G, M) = H*(G, M) n Br,.(F(M, G)). Then Br,(P’(M, G)) = Br(F)@ 
H2,(G, F*) 0 H2,,(G, M). We have shown that H*,(G, F*) is independent of 
A4. It is not known whether H*,(G, M) is independent of F. If F is 
algebraically closed, then H’(G, F*) = H*(G, pLF), where pFc F* is the 
group of roots of unity in F. Thus in this case it makes sense to define 
H2,G PF). 
In [S4], this author showed that a certain F(G)/F was not retract 
rational by, in essence, showing H2,(G, pF) # (0). In the rest of this section, 
we will focus on the even more mysterious H2,(G, M). Though we cannot 
compute it very well, there is one case where we can show it to be nonzero. 
THEOREM 2.8. Let G he a finite group and p a prime dividing JGI, the 
order of G. Choose P G G to be a p Sylow subgroup of order, say, q. Assume 
P is not metacyclic and p is not the characteristic of F. Suppose M is a G 
faithful lattice such that H*(G, M) has an element of order q. Then 
H’,(G, W Z (0). 
Proof. Let a E H*(G, M) be the element of order q, and set b = (q/p) a. 
It suffices to prove that PE H’,(G, M). 
Let R c F(M, G) be any discrete valuation ring with Fc R and 
q(R) = F(M, G). R extends to a discrete valuation ring SE F(M). Let K be 
the completion of F(M, G) with respect o R and let L be the completion of 
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F(M) with respect to S. Then L/K is Galois with group H and H is a sub- 
group of G. 
We next must invoke the theory of the Brauer group of a discrete 
valuation ring. If A is any abelian group, define A h to be A if F has charac- 
teristic 0 and to be the r prime part of A if F has characteristic r. Let 
R# z K be the completion of R, and let k be the residue field of R and 
R#. Denote by Gk the absolute Galois group of k. By, e.g., [AB, W], we 
have the commutative diagram 
O----t Br(R)” + Br(F(A4, G))” X, Hom,(G,, Q/Z)” - 0 
I I I 
O- Br(R#)” - Br(K)” -L Hom,(G,, Q/Z)A - 0 
where Horn, is the group of continuous homomorphisms. Recall that the 
so-called character group Hom,( Gk, Q/Z) “measures” the cyclic extensions 
of k. More precisely, iffe Hom,( Gk, Q/Z) has order m then the kernel off 
is an open subgroup of Gk and defines a cyclic extension of k of degree m. 
Returning to our proof, it suffices to show that /I is in Br(R), or 
equivalently, that x(a) has order less than q. Suppose not. By the above 
diagram, the image, LX’, of c1 in Br(K) must also have order q. Since F(M) 
splits a, L splits a’. Thus q must divide 1 HI, and we can assume P c H. Let 
J= Lp, the fixed field of P. Then J/K has degree prime to p. If a” is the 
image of a in Br(J), then x(a”) has order q. Set L, to be the maximum 
unramilied subfield of L/J. Let e denote the degree of L/L, : 1, j the residue 
fields of L, J, respectively, and G,, G, the absolute Galois groups of 1, j. The 
inclusion Jc L induces the diagram 
WJ) ’ + Hom,(Gj, Q/z) 
I I WL) ’ + Hom,(G,, Q/Z) 
where the right vertical map is e times the map induced by the inclusion of 
G, into G,. Now x(a) defines a cyclic extension k’/j of degree q, and so 
ex(a) defines a cyclic extension k”/j of degree q/e. Since L splits a, the 
above diagram shows that 1 must contain k”. But l/j has degree q/e so 
1 = k”. As L,jJ has the same Galois group as llj, L1/J is a cyclic extension. 
As L/L, is totally and tamely ramified, L/L, is a cyclic extension. This 
implies that P is metacyclic, a contradiction. Q.E.D. 
Obviously, the above theorem yields a large class of G and M for which 
we know that F(A4, G)/F is not retract rational for any F of the right 
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characteristic. Itwill be useful, however, to mention a specific example. Let 
P be the free Z[G] lattice with basis {d(g) 1 1 # g E G}. Definef: P -+ Z[G] 
byf(d(g)) = g- 1. Set the image offto be JC Z[G]. J is the kernel of the 
augmentation map h: Z[G] + Z where h(g) = 1. The kernel of ,f is 
generated by elements c( g, g’) = g(d(g’)) + d(g) - d(gg’), where we define 
d( 1 G) = 0. Let MJG) denote this kernel. An exercise shows that M is G 
faithful and H’(G, M,(G)) = Z/nZ where n is the order of G. Moreover, the 
c(g, h) form a two cocycle whose image generates H*(G, M2(G)). If 
M= M,(G), then F(M, G) is the center of the generic crossed product 
defined by Amitsur and Snider. What we have shown is that if G has a non- 
metacyclic p Sylow subgroup, and p is not the characteristic of F, then such 
an F(M, G) is not retract rational over F. 
In the next section we show that nonretract rational F(M, G)‘s can yield 
nonretract rational F(G’)‘s for different G’. 
3. NOETHER'S PROBLEM COUNTEREXAMPLES 
In some cases, F(M, G) is stably isomorphic to an F(G’) for a different 
group G’. We will use this and Section 2 to give F(G’) which are not retract 
rational. To begin with, assume M is G faithful, Mc P where P is a per- 
mutation G lattice, and N’ = P/M is finite. Let the exponent of N’ be n and 
assume that p(n) E F. Then F(P)/F(M) is a Kummer extension with Galois 
group N= Hom,(N’, ,u~) where pF is the group of roots of one in F. Note 
that the action of G on N’ and the trivial action of G on ~1~ yields an action 
of G on N. Since the action of G on F(M) extends to F(P), F(P)/F(M, G) is 
Galois. An easy computation shows that the Galois group is the semidirect 
product G’ = N >a G. 
Note that G’ does not act on F(P) in the way we have been considering 
up to now. That is, P is not a G’ lattice because N acts using roots of one. 
However, the action of G’ on F(P) is linear in the following sense. 
Let G” be a finite group and take V to be a finite-dimensional F[G”] 
module. That is, V is an F vector space and there is a homomorphism 
G” -+ Aut,( I’). Form the symmetric algebra F, [ V] and set 
F+(V) = q(F+ [ I’]). G” acts on F+(V) and so we can consider F+(V)““. It 
should be emphasized that V is an F subspace of F+( I’). In contrast, M is 
a multiplicative subgroup of F(M). 
Let us return to the action of G’ on F(P). We will show that this is a 
linear action. Let x ,,..., x be a Z basis of P which G permutes. Form 
V”=Fx,+ . . . + Fx,. Clearly, G does act linearly on I”. In addition, if 
ge N, then g(x,) = pxj for some root of unity p. Obviously, g( I”) c v’. 
Altogether, F(P) = F+( I”) and G’ acts on v’ with F+( V’)G’ = F(kQG. 
The usefulness of the F+( V)G” lie in the fact that these fields are almost 
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independent of V. The next result will make this precise. Define a G” 
faithful F[G”] module to be one where the induced map G” + EndA V) is 
injective. 
PROPOSITION 3.1. (a) Suppose L/K is a G” Galois extension of fields 
and V is a K[ G”] module. Then L + ( V)““/K is rational. 
(b) Suppose V, and V, are G” faithful F[G”] modules. Then 
F+( V,)“U and F+( V,)G” are stably isomorphic. 
Remark. This result appeared in [EM, p. 161. We include a proof for 
convenience. 
Proof: (a) Set V” = LV c L + ( V). Then G” acts on V” semilinearly. By 
Galois descent (e.g., [KO, p. 443) VaG” is a K vector space of dimension 
equal to that of V. A K basis for VnG” forms a transcendence base for 
L+(V)“” over K. 
(b) Set L to be the field F+( V, 0 V,)“‘. By part (a), L is rational 
over both F+( V,)“” and F+( V,)G”. 
The above proposition, when combined with the remarks preceding it, 
yields: 
THEOREM 3.1. Let Mc P be G lattices such that M is G faithful, P is a 
permutation lattice, and P/M is finite. Let n be the exponent of N’ = PJM 
and assume p(n) E F. Set N = Homz(N’, pr) and form the semidirect product 
G’ = N >a G. Then F(G’) is stably isomorphic to F(A4, G). 
Proof We have shown above that F(A4, G) = F+( VI)” for some F[G’] 
module V’. Examining the construction shows that since it4 is G faithful, V
is G’ faithful. By 3.1, F+(V)“’ is stably isomorphic to F+(W)” where 
W= F[G’]. Looking at the definitions, F+(W)“’ is just F(G’). Q.E.D. 
Let M be a Z[G] lattice. That a P exists as in 3.2 is equivalent to 
MO ,Q being a permutation module over Q[G]. This is somewhat restric- 
tive and can be eased. 
COROLLARY 3.3. Suppose M and M’ are G faithful Z[G] lattices such 
that M’ satisfies 1.3(b). Further assume that P’= (M@ M’)@ ,Q is a per- 
mutation Q[G] module. Then zf F has enough roots of unity, there is a 
G’ = N M G such that F(h4, G) and F(G’) are stably isomorphic. If such an 
M, G satisfy 2.8, F(G’)/F is not retract rational (and therefore not rational). 
Proof. Write P’ = PO ,Q for some permutation lattice P. Now 
MOM’ is isomorphic to a submodule of P of finite index. Since 
F(M 0 M’, G) is stably rational over F(M, G) by 1.4, such a G’ exists by 
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3.2. The last sentence follows as stable isomorphisms preserve retract 
rationality. Q.E.D. 
The methods of Corollary 3.3 yield a large class of counterexamples to 
Noether’s problem, including ones over algebraically closed F. Let us write 
down a specific one. Recall from Section 2 that a lattice was defined at the 
end and denoted M,(G). It was defined via the exact sequence 
O-M,(G)-P f‘ ,J-0 
where P is the free module generated by {d(g) 11 # g E G}, Jc Z[G] is 
generated by {g - 1 I g E G}, and f(d(g)) = g - 1. M2(G) itself is generated 
by the elements c( g, h) = g(d(h)) - d(gh) + d(g), where d( 1) = 1. The c’s 
form a 2 cocycle whose image generates H*(G, M,(G)), and which has 
order n = IGJ. We want to show that there is a G mapf’: J+ P such that 
ff' is multiplication by n. To do this, note that nc( g, h) is a coboundary so 
there are e(g) E M*(G) such that nc( g, h) = g(e(h)) - e( gh) + e(g). Define 
f ‘( g - 1) = nd( g) - e(g). It is not hard to see that f' is well defined and has 
the required property. 
Form MO f’(J) c P and note that N’= P/M@f’(J)) is the G module 
J/nJ, so N’ has exponent n. Assume p(n) E F. A calculation now shows that 
N = Hom,(N’, ,uF) is isomorphic to the following. Let x E Z[G] be the sum 
of all the group elements, and form J’ = Z[G]/Z-X. Then N z J’/nJ’. 
COROLLARY 3.4. Let G be ajikite group of order n with a nonmetacyclic 
Sylow subgroup. Let N be as above and form G’ = N >Q G. Assume that n is 
prime to the characteristic of F. Then F(G’)/F is not retract rational (and 
therefore not rational). 
Proof If K/F is retract rational, and F/F is an extension of fields 
linearly disjoint from K/F, then the field join KF’ is retract rational over F, 
by an easy argument. Thus in 3.4 we may assume that F contains p(n). 
Now the corollary is obvious from the proof of 3.3. 
4. THE NUMBER THEORY EXAMPLE 
This author’s interest in Noether’s problem started in [Sl]. In that 
paper, Noether’s problem was shown to be related to the following 
question in number theory. Let K be an algebraic number field and let 
K ,,..., K , be the completions of K at the primes v ,,..., v . Suppose G’ is a 
finite group and LJK, are given G’ Galois extensions. The question is 
whether there is a G’ Galois extension L/K such that Liz L @ KKi. If such 
an L/K always exists for any choice of the vi and Li, we say that G’ has the 
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K-approximation property. Note that L and the Li are not assumed to be 
fields. 
In [Wa], Wang showed that the cyclic group of order 8, Cs, does not 
have the Q-approximation property. This example was important in [Sl 1, 
where it was used to give a fast proof that Q(C,)/Q is not rational. In [N], 
Neukirch showed that if G was an odd-order solvable group and if K was a 
global field which lacked roots of unity, then G had the K-approximation 
property. It is natural to ask what happens when K has plenty of roots of 
one. In this section, we reverse the direction of [Sl] and use the results of 
Section 3 to construct groups G, and number fields K, such that the 
approximation property fails for G over K. Included in our examples are 
odd-order G and K containing arbitrary roots of one. 
To begin, fix an infinite field F, a finite group G, M= M,(G), and 
G’ = N x G as in 3.4. Recall from Section 3 that we defined a Z[G] lattice J 
such that F(M@J, G) was equal to F+(V)“’ for some G’ faithful FCC’] 
module V. This identification was made via a permutation G lattice 
P 2 A4 @ J and an identification of F, ( V) with F(P). We are going to con- 
sider F(M@ J, G) and F(M, G) in terms of the concepts of [S2]. Because 
F(P) = F, ( V) we can conclude from [ S2, p. 1871 that F(M@ J, G) = q(R) 
where there is a G’ Galois extension S/R such that q(S) = F(P) and S/R is 
a densely representing object for G’ Galois extensions. That is, for every 
0 #r E R and every G Galois extension LJK with K a field containing F, 
there is an F algebra map 4 : R + K such that b(r) # 0 and 
LrS@,K. (7) 
Note that 0 # means tensoring where K is an R module via 4. If (7) holds 
we say 4 realizes L/K. 
F(M, G) has a similar property, but with respect to G crossed products. 
Choose 0 # r’ E FIMIG such that if R’ = F[M]“( l/r’) and S’ = F[M]( l/r’), 
then S/R’ is G Galois. The elements c(g, h) E ME S’* form a G two- 
cocycle, so we can set A’ to be the G crossed product A(S’IR’, G, c). 
PROPOSITION 4.1. Let r be a nonzero element of R. Suppose L 2 K r> F, 
and B are such that K is a field, LJK is G Galois, and B = A(L/K, G, c’) is a 
G crossed product. Then there is a 4: R’ -+ K such that 4(r) # 0 and 
A@,KrB. 
Proof. We can consider F[M] s L[M], so F[kf]“~ LIMIG. This 
inclusion induces a G preserving isomorphism 
S’@ R,LIM]G(l/r’) 2 L[M](l/r’). 
By [S2, p. 1911, there is a K algebra map $: LIMIG (l/r’) + K such that 
236 DAVID J. SALTMAN 
$(r)#O and if A”=d(L[M](l/r’)/L[M]“(l/r’), G, c), then A”O,K? B. 
If 4 is the restriction of Ic/ to R’, then 4 is as required. Q.E.D. 
View F(M, G) as a subfield of F(M@ J, G). Tensoring S/R by some 
R( l/r”) preserves dense representation, so we may assume that R’ c R. 
Form A = A’ 0 Rs R. We claim that A/R is also densely representing for G 
crossed products. Recall that F(‘(M@J, G)/F(M, G) is stably rational (1.4). 
By 0.1, there are localized polynomial rings R” = R’[y,,..., y,](l/t) and 
R# = R[x, ,..., x ]( l/s) such that R” and R# are isomorphic over R’. 
Identify R” and R# via this isomorphism. Let B/K be a G crossed product 
and suppose 0 fr E R. Write r = t-‘/t4 where r’ is a polynomial in the ,“s 
over R’. Let r” be the product of all the nonzero coeffkients of t and r’. 
Choose 4: R’ -+ K such that 4 realizes BjK and d(Y) # 0. Since F is infinite, 
4 extends to 4’: R’[y,,..., Y,~] + K such that d’(r’t) ~0. Thus & extends to 
R” and we can set 4” to be the restriction of 4’ to R. Then d”(r) # 0 and 4” 
realizes B/K. 
The algebra A and the extension S/R are related as follows. 
LEMMA 4.2. There is a cohomology class c( E H’(G’, pF) such that A is 
Brauer equivalent to A(S/R, G, CC). 
Proof: By our construction, R is smooth. It thus suffices to prove this 
result after tensoring by q(R) = F(M@J, G). 
We begin with our original construction of the G’ Galois extension 
in Section 3. Recalling the notation of 3.4, we have MO Jc P where 
P/(M@J) = N’ and N = Hom,(N’, pLF). The G’ Galois extension is F(P)/ 
F(M@J, G). Now G’ does not act on P but it does act on the group gener- 
ated in F(P) by pLF and P. Call this G’ module Pi’. Since G’ acts trivially on 
,uLF, pF is a sub G’ module of P”. Set P’ = P/pLF and observe that P’ and P 
are isomorphic G modules but N acts trivially on P’. Let the cocycle 
c(g, h) E M map to p E H’(G, MO J). If A” is the crossed product 
A(F(M@J)/F(M@J, G), G,fl), then A” is the image of A’. Under the 
inflation map /I maps to some b’ E H’(G’, P”) and A” is Brauer equivalent 
to A^ = A( F( P)/F( M 0 J, G), G’, p’). We claim that /?’ is the image of some 
c1 E H2(G’, pLF) and that this is the 0: we require. 
Using the group cohomology long exact sequence it suffices to show that 
/I’ maps to zero in H’(G’, P’). But the image of /?’ in H2(G’, P’) is in the 
image of H2(G, P’) and this later group is zero. If we now choose c( as 
above, we have that A(F(P)/F(M@J, G), G’, II) is Brauer equivalent to 
A(F(MOJ)IF(MOJ, G), G, cl. Q.E.D. 
Suppose L/K is G’ Galois. Let #: R + K realize L/K, and set B = A Q 6 K. 
Lemma 4.2 shows that B is independent of our choice of 4 and so we may 
write B = n(L/K). Conversely, suppose BJK is a G crossed product, and let 
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4: R + K realize B. If L’ = S’ @ d K, then B = rc( L/K). We are ready for our 
example. 
Let G be a finite nonmetacyclic p-group, and set q = ICI. Form 
A4 = M,(G) and G’ = N >Q G as above. Let K be an algebraic number field 
such that p(q) E K, and let vi,..., u, be the primes of K lying over p. Denote 
by Ki the completion of K at vi. Recall that the Brauer groups of K and the 
K, are described via Hasse invariants (e.g., [R, p. 2761). 
THEOREM 4.3. Suppose AJK, are G crossed products for i= l,...,r. 
Assume that the sum of the Hasse invariants of the Ai is of order q in Q/Z. 
Choose G’ Galois LJK, such that Ai = 7c(Li/Ki). Then there is no G’ Galois 
L/K such that L @ KKi % Li for all i. 
Proof Suppose such an L/K exists, and set A A = x(L/K). Since 
L 0 K Ki E Li, Lemma 4.2 shows that Ai z A A 0 KKj. The sum of the Hasse 
invariants of A h must be zero. Thus there must be another prime v where 
the Hasse invariant of A h has order q. Since q > p3, u must be non- 
archimedean. If K’ is the completion of K at u, we have that A A 0 KK’ 
must be a division algebra. Write A A = A(L’/K, G, cl). We conclude that 
L” = L’ @ KKI must be a field with Galois group G over K’. The residue 
field of K’ does not have characteristic p, so L”/K’ is tamely ramified and G 
is therefore metacyclic [F, p. 311. This contradiction proves the theorem. 
If K’ is any local field and L’/K’ is a finite xtension of fields, then there 
is a K’ central division algebra D such that L’ is isomorphic to a maximal 
subfield of D (e.g., [Sel, p. 1373). We conclude that algebras A i satisfying 
4.3 exist if and only if there is an i with a G Galois extensiond L$Ki such 
that L, is a field. It follows that 4.3 yields a large class of examples. To give 
a specific one, let q= pm and set K= Q(p(p’)) where r 2 m. There is a 
unique prime, u, of K over p. Let K’ be the completion of K at u. By 
[Se2, p. 2201, (K’)*/(K)* p has rank p’-‘(p- 1)+2. If we choose r such 
that m < pr ‘(p - 1) + 2, then there is a Galois extension L’jK’ with group 
G = (Z/pZ) @ . . @ (Z/pZ) (m times). Use this G to form G’ = N x G. By 
4.3, there is a G’ Galois extension L”/K’ such that there is no G’ Galois 
extension L/K with L” z LO KK’. 
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